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Abstract 
Solving a problem of Alon, we prove that every graph G on n vertices with 6(G) 2 1 contains 
an induced subgraph H such that all the degrees in H are odd and 1 V(H)\ >(l -o(l))Jn/6. 
1. Introduction 
Gallai proved, more than 30 years ago, the following theorem (see [S] for a simple 
proof). 
Theorem A. Let G be an arbitrary graph. 
(1) There exists a partition V(G)= Au B, An B=$, such that in the induced sub- 
graphs on (A) and (B) all degrees are even. 
(2) There exists a partition V(G) = A v B, A A B = 0, such that in the induced subgraph 
(A) all degrees are even and in the induced subgraph (B) all degrees are odd. 
Clearly, from Theorem A we infer that every graph G contains an induced subgraph 
H such that ) H 13 1 G l/2 and all degrees in H are even. 
The following related conjecture is certainly a part of the graph theory folklore. 
Conjecture 1. There exists a positive constant c, such that every graph G with 6(G) 3 1 
contains an induced subgraph H having the property 1 H I> c I G 1, and all degrees in 
H are odd. 
It is known that, even if true, the value of c is at most 2/7 but the conjecture is still 
open. 
Noga Alon raised the following moderate variant. 
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Conjecture 2. There exist positive constants c1 and c such that every graph G with 
6(G) 3 1 contains an induced subgraph H such that 1 H I> c 1 G Ia, and all the degrees in 
H are odd. 
Our main result is an affirmative solution to this conjecture with c= l/d and 
c(=os. 
The notation used in this article is the standard following [2]. In particular, 6(G) 
(resp. A(G)) is the minimal (resp. maximal) degree in G. If A c V(G) then (A) is the 
induced subgraph of G on the vertex set A. Finally, to simplify notation, set for i=O, 
1 the functionf,(G) which denotes the maximum cardinality of an induced subgraph 
H of G such that all the degrees in H are congruent to i (mod 2). Hence, by Theorem A, 
_MG)2lGlP. 
2. Main results 
Theorem 2.1. Let G be a graph, then fi (G) >[A (G)/2 1. 
Proof. For A (G)=O, 1 the result is trivial. So we may assume that d(G)> 2. Let 
deg(u)=A(G), and let N(u)=(u~, u2, . . . . ud} be the set of all vertices adjacent to u. If 
A(G)-0(mod2) set N,(u)=N(o)-{u,). Otherwise set N,(u)=N(u) and observe that 
lN1(u)l= 1 (mod2). Consider the subgraph H induced on the vertex set of N,(u). By 
Theorem A we can decompose N,(u) into two disjoint sets A, B, so that in (A) all the 
degrees are even and in (B) all the degrees are odd. Since 1 Al + I BI = 1 (mod 2) and in 
B all degrees are odd we must have I A I E 1 (mod 2), 1 B I E 0 (mod 2). If I A I 2 I B 1, add 
u to the subgraph induced by A so that now all degrees are odd and 
Otherwise IAl+1<1BI and 21BI-l>(AI+IBI=IN1(u)IZA-l. Hence, lBl> 
rA(G)/21. 0 
Now Theorem 2.1 combined with the Erdiis-Wilson theorem [3] enables us to 
support Conjecture 1; namely, we have the following theorem. 
Theorem 2.2. For almost all graphs G on n uertices, fi(G)bn/4. 
Proof. By the ErdBs-Wilson theorem almost every graph G on n vertices satisfies 
d(G)=n/2+(i+o(l))(nlogn) . ‘I2 So that by Theorem 2.1 for almost all graphs on 
n vertices, fi(G)> n/4. 0 
Remark. Alon informed me that he proved Theorem 2.2 with c = f - E, E > 0, instead of 
c=t. 
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Lemma 2.3. Let G be a graph on n vertices and m edges, with d(G)2 1. Then, 
(1) G contains an induced matching, M, such that (MI >B1(G)/(2A - l), 
(2) fi(G)32m/(A + 1)(2A - 1). 
Proof. (1) Let /I,(G) be the cardinality of a maximal matching in G. Consider the 
edges of this matching as the vertices of a graph H such that two vertices are adjacent 
if there is in G an edge adjacent to two edges of the matching. Clearly, H is a graph on 
P,(G) vertices and A(H)<2A(G)-2. Hence as is well known, we have 
PO(H)2 IH’ B,(G) 
A(H)+ 1’2A(G)- 1’ 
However, a maximal vertex-independence set in H is an induced matching in G and 
this matching induces a graph whose vertices are of odd degree. 
(2) According to (1) there is an induced matching of size p,(G)/(2A(G)- 1) which is 
a l-regular graph whose number of vertices is 2/?,(G)/(2A(G)- 1). Now by Vizing’s 
theorem [6], /?l(G)>m/(A(G)+ 1). Hence, 
fl(G)> 281(G) 2m 
2A(G)- 1’(2A- l)(A+ 1) ’ 
0 
We are now in a position to give the first affirmative answer to Conjecture 2. 
Theorem 2.4. Let G be a graph on n vertices and m edges, with 6(G)> 1. Then 
fi(G)>max{:m’i3, $n’13}. 
Proof. By Theorems 2.1 and 2.3, 
The right-hand side of the inequality attains its minimal value when 
A(G) 2m 
-=(2A-l)(A+l)’ 2 
so that A(G) = cmli3, where c>l.l. Hence,f1(G)>A(G)/2>0.55m”3. 
If G is a connected graph then m 2 n - 1, and fl (G) > 0.55m”3 > $n’j3. If G is not 
connected, then in each connected component Gi of G we have by the same 
argument fl(GJ>inf/3, where 1 Gi I= ni. Now by Jensen’s inequality, fr (G) 3 Cifnf’3 
>4nli3. 0 
Although this is not yet the bound promised in the Abstract, this method, based on 
matchings, will produce further consequences later and it also avoids the use of 
probabilistic arguments which, as we shall see, are crucial for improvements. 
In the next theorem due to Alon we apply probabilistic arguments which enable us 
to improve Theorem 2.4. 
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Theorem 2.5 (Alon). Let G be a graph on n vertices, with chromatic number x(G) and 
suppose d(G)3 1. 7’henfI(G)>$/?,,(G)>n/3X(G)~n/3(d + 1). 
Proof. The only inequality that really needs proof is the left-hand-side inequality, 
since all the others are well known in graph theory. So we have to show that there is in 
G an induced subgraph whose degrees are odd and whose order is at least i/&(G). 
Let S c V be an independent set such that ISI = p,(G). Since 6(G)> 1 there are no 
isolated vertices in G. Hence, each vertex in S is adjacent to some vertex in V\S. Let 
A c V\S be a minimal dominating set of S, namely, A is the smallest set in V\S, such 
that each vertex in S is adjacent to at least one vertex of A. By the minimality of A for 
each vertex UEA there is a vertex UES, called private, such that N(v)nA={u}. This 
means that u is the only vertex in A which is adjacent to v (since otherwise, by the 
deletion of u and the fact that A - {u} c A, we still have A- {u} as a dominating set of 
S). So it follows that ISI alAl. 
Now, if 31 S I < I Al we look at the induced subgraph H = (A). For each vertex in 
A which is of even degree in H add its private vertex in S so that its degree turns out to 
be odd and we obtain a subgraph H’ all of whose degrees are odd and 31 S I < I H’I. 
Otherwise, &lSl~lAl31. 
Define A={uES: IN(v)nAJ=l}. Then, as we saw before, ~~~>~A~. Let DC& 
1Dl=lAl and define S1=S\D. Then clearly, IS1l~~lSI. 
Now, consider P(A) (the power set of A) as a uniform probability space in which 
each subset has the probability l/2 IAl We consider the probability that a vertex OES, . 
has an odd degree in a random choice of BEI’( This probability is exactly f, since if 
we look at N(v) n A then the number of sets of odd size in N(o) A A is equal to the 
number of sets of even size in N(o) n A since we always have 
Hence there is a one-to-one correspondence between the sets of P(A) consisting of 
an even number of elements from N(u) and those who have an odd number of 
elements from N(u). Since the expectation is an additive function we conclude that the 
expected cardinality of SZ c Sr, such that in the induced subgraph S2 v N(S,) for each 
vertex VEST we have deg(v)= 1 (mod 2), is iSI. Hence there is SZ c S1 such that 
I!&/ >IS1 l/2 and, for each VES,, deg,u= 1 (mod2), where H=SzvN(S2). Now if 
there is a vertex u in N(S,) c A and deg,(u) is even, then join u to its private vertex in 
D and we get a subgraph H’, whose degrees are odd, satisfying 
I~I>!Y>“IsI=~ 
‘2 ‘32 3’ 
HencefI(G)>:B,.JG). 0 
As a consequence of this theorem we can improve Theorem 2.4. 
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Theorem 2.6. Let G be a graph on n vertices with 6(G)> 1. Then, 
/I(G)>max{~m”‘, J+}. 
Proof. By Theorems 2.1 and 2.5 we have fr(G)amax{A/2, n/3(A + 1)). Again by 
comparing A/2=n/3(A + 1) we have A2 + A =$n. Clearly, we can take A 2 
(2(n-&)/3)1’2 t o obtainf1(G)>((n-&)/6)“2. 0 
For some families of graphs it is known that Conjecture 1 is true. Here I give two 
further results. The first applies Gallai’s theorem to estimate from belowfi (G) +fi (G). 
The second shows another application of using matchings. 
Theorem 2.7. Let G be a graph on n vertices, n>2. 
(1) f~(G)+f~(G)~n- 1. 
(2) For a self-complementary graph G, fi (G) ar(n - 1)/21 
Proof. (1) Suppose first n=O(mod 2). Using Gallai’s theorem decompose V(G) into 
A and B such that in (A) all the degrees are even and in (B) all degrees are odd. As 
n is even, 1 A 1 must be even and in the induced subgraph of G on A all degrees are odd. 
Hencefi(G)+f,(G)bIBI+IAI=n. 
If n = 1 (mod 2) delete a vertex from G and repeat the argument above for n - 1. 
(2) Follows immediately by G = G. 0 
What can one say about the largest induced subgraph in which all degrees are 
1 (mod k) instead of 1 (mod 2)? Here is an example using matchings. 
Theorem 2.8. Let G be a connected K I,3-free graph with 6(G)> 1, and put I V(G)1 =n. 
For every k B 2 there is a constant ck > 0 such that G contains an induced subgraph H, of 
order I H I > ck(n log n)‘13, and all the degrees in H are congruent to 1 (mod k). 
Proof. For connected K,,,-free graphs with 6(G)> 1 it is well known (see e.g. [4]) 
that jIl(G)=Ln/2J Using Lemma 2.3 there is an induced matching M of size 
a(n- 1)/2(2A- 1). This matching induces a l-regular subgraph of order 
(n - 1)/(2A - 1). Let A(G)> 3 (otherwise the proof is trivial). 
Consider a vertex v that realizes A(G). The induced subgraph (N(v)) does not 
contain K3 since otherwise G is not K 1,3-free. Applying a theorem of Ajtai et al. [l] we 
infer that (N(v)) contains a complete subgraph of order c(A log A)1/2 for some 
constant c > 0. Deleting at most k - 1 vertices from that clique we get a clique with 
all degrees 1 (mod k). Hence if G is K 1,3-free with 6(G)> 1, then it must contain 
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a subgraph H with all degrees 1 (mod k) such that 
IHI3max 
i 
z, c(d logLl)“2-k+ 1 
I 
) 
which implies 1 H 1 B ck(n log n)1/3. 0 
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